1
C ij = φ i φ j ( X si X sj s − X si s X sj s ) ,
where · s denotes an average over the M sequences of the alignment, and the weights φ i are defined as in previous work (1) by
φ i quantifies the deviation of the frequency f i = X si s = s X si /M of the prevalent amino acid a i at position i from the expected frequency q (ai) of this amino acid; it is a positive and increasing function of f i when f i ≥ q (ai) (a condition that holds for all positions here). The SCA matrix of positional correlations can also be writteñ
where the M × L matrixX is defined byX
and whereX denotes the transpose ofX. Correspondingly,
defines a matrix of correlations between sequences.S st measures the similarity between two sequences s and t with the contribution of each position weighted based on its conservation: differences between sequences occurring at more conserved positions are thus emphasized.
A relation between the eigenvectors ofC and those ofS is given by the singular value decomposition ofX. This decomposition always exists and has the formX = U ΣV ,
where U and V are respectively L × L and M × M orthogonal matrices, and Σ is a L × M diagonal matrix. From this decomposition and Eqs. (3)- (5) it follows thatC = V DV andS = U ∆U /L, where D = Σ Σ/M and ∆ = ΣΣ /L are both diagonal matrices: the columns of U thus correspond to the eigenvectors |U 1 , |U 2 , . . . ofS and those of V to the eigenvectors |V 1 , |V 2 , . . . ofC.
Following previous work (2), sectors are defined as linear combinations of the top eigenvectors |V 1 , |V 2 , . . . , |V k ofC. Given that statistical independence in the alignment is a defining property of protein sectors, relevant linear combinations can be sought using independent component analysis (ICA), a method for recovering statistically independent signals (see e.g. (3) 
|U m , indicates a direction in the sequence space along which the sequences are classified based on differences in these sector positions. Alternatively, we may also apply ICA to obtain an unmixing matrix W s based on the top k eigenvectors of the matrix of sequence correlationsS, instead of the matrix of positional correlationsC. In this case, we expect the rotated vectors |U s n to indicate subfamilies of sequences and the corresponding vectors |V s n to point to positions that have distinct patterns of amino acids in these subfamilies. We refer here to these two complementary ways of analyzingX as "sequence ICA" (seqICA) and "positional ICA" (posICA).
B. Correlations in the Hsp70/110 family
Inspection of the spectrum ofC for the Hsp70 alignment indicates that 4 eigenvalues clearly stand out (Fig. S1) . A projection of the sequences along the top 2 eigenvectors |U 1 and |U 2 ofS reveals a structured distribution of the sequences with mainly 4 subfamilies of sequences 3 (Fig. S2) . |U 3 reinforces this conclusion by making more apparent the distinction between the cyan and white subfamilies, while |U 4 displays subgroups of sequences within the white subfamily (Fig. S2 ). ICA applied to the vectors |U 1 , |U 2 , |U 3 leads to an unmixing matrix W s , which maps |U 1 , |U 2 , |U 3 to new vectors |U The 4 subfamilies can be interpreted from the available annotations of the sequences: the white and cyan subfamilies correspond to the two subclasses of Hsp70 proteins known as DnaK and HscA. The orange subfamily is found to comprise chaperones from several other classes of Hsp70 proteins and the purple subfamily proteins that are nonallosteric, including proteins from the Hsp110 family. More subdivisions are found along the following eigenvectors ofS which can also be interpreted in terms of functional subfamilies (sequences from particular orthologous families of proteins) and phylogenic subfamilies (sequences from particular clades). The subdivisions displayed by |U 4 thus correspond to subgroups of DnaK sequences from different clades of bacteria.
The non-allosteric nature of the purple sequences found along |U should point to correlated positions involved in the allosteric interaction between the two domains, i.e., to positions consistently conserved in all Hsp70
2 Note that ICA does not prescribe an order between the vectors |V p n , in contrast with principal component analysis (PCA) which orders the eigenvectors |Vn in descending value of their associated eigenvalues. 3 Note that in presence of a structured distribution of sequences, the first eigenvector ofS, |U 1 , may be associated with a particular subfamily rather than with a "global phylogenetic trend"; in such a case, it should not be subtracted as done in (2).
proteins except for the purple sequences. The vectors |V The use of the binary approximation of the MSA is a necessary simplification of the MSA for usage of the singular value decomposition method described in this work. Generalization to consider the full, unreduced alignment will be subject of future work. However, we note that for instances such as the Hsp70/110 family in which the function of interest (e.g. allostery) is a property of a major subfamily, sector identification is robust to the binary approximation (2).
C. ICA calculations
Different implementations of ICA use different measures of independence and different algorithms for optimizing them. In this work, we used one of the simplest implementations of ICA, proposed in Ref. (4) with modifications introduced in Ref. (5) (we also verified that the results were robustly recovered when using other algorithms for ICA). For seqICA, the input of the algorithm is the k × M matrix Z whose rows correspond to |U 1 , . . . , |U k , while for posICA it is the k × L matrix Z whose rows correspond to |V 1 , . . . , |V k . The algorithm iteratively updates the unmixing matrix W , starting from the k × k identity matrix W = I k , with increments ∆W given by
The parameter is a learning rate that has to be sufficiently small for the iterations to converge; in the present study, we found that with = 10 −4 both seqICA and posICA converged after 1000 iterations (for k = 3 components Fig. S3 ) and nonallosteric sequences (purple in Fig. S3) . Conservation of position i is measured using the relative entropy Di (see Ref. (2)). The sector positions, in blue or green, are conserved in the allosteric sequences but not in the non-allosteric sequences, consistently with the interpretation that the sector represents a conserved functional property specific to the allosteric sequences (colors as in Fig. S4 ). (D-E) Molecular dynamics simulation is accompanied by formation of specific interdomain contacts consistent with experimental data. Nucleotide-binding domain residue W102 (D) and substrate-binding domain residue K414 (E) initially have solvent-accessible surface areas (SASA) nearly the same as in single-domain DnaK crystal structures (red circles, PDB codes 1DKG and 1DKZ). As the simulation progresses, both sites become buried through the formation of interdomain contacts. Data are plotted as moving averages with a window size of 1 ns. Solvent-exposed residues are defined as sites with fractional side chain accessible surface area greater than 0.25 relative to extended Gly-Xaa-Gly peptides, as calculated by the VADAR web server using the default parameters. (F) Overall, the number of interdomain contacts between sector residues increases as structural changes (RMSD) reach a plateau. Interdomain sector contacts are calculated as sector positions of separate domains that contain side chain atoms within 5.0Å of each other. (A) Circular dichroism (CD) spectra and (B) thermal denaturation curves for D326V and N415G mutant DnaK proteins are indistinguishable from those of wild type, indicating that these sector mutants are well-folded (wild type, black; D326V, blue; N415G, red). Sector mutant CD spectra in (A) showed less than 5% intensity difference from that of wild type and were normalized to allow comparisons of curve shapes, which are diagnostic for secondary structural content. FIG. S10 -Sector mutants DnaK D326V and N415G show incomplete conversion to the ATP-bound state. Acrylamide quenching of W102 fluorescence intensity is similar for wild type DnaK and sector mutants in the absence of ATP. However, upon addition of ATP, sector mutants are partially defective in the extent to which they are quenched by acrylamide relative to wild type (wild type, black; D326V, blue; N415G, red).
